
Theor Chim Acta (1988) 73:147-154 

�9 Springer-Verlag 1988 

On the Hartree-Fock approximation to the electronic 
structure of molecule in the intense radiation field 
and the strong vibronic coupling* 

Yoshihiro Asai ~**, Tokio Yamabe~t$ and Kenichi Fukui2$ 

1 Department of Hydrocarbon Chemistry, Faculty of Engineering, Kyoto University, 
Kyoto 606, Japan 
2 Kyoto Institute of Technology, Kyoto 606, Japan 

(Received April 20, revised July 27/Accepted September 2, 1987) 

The Hartree-Fock approximation has been generalized to incorporate the 
nonadiabatic effect of molecular vibration previously by Tachibana et al. 
Here, we will derive the Hartree-Fock equation which reflects also the non- 
linear effect of the infrared radiation field as well by using the Bloch-Nordsieck 
transformation which was discussed first by Nguyen-Dang and Bandrauk in 
the field of molecular physics. The Hartree-Fock equation reflects the non- 
adiabatic coupling between an electron and a molecular vibration and between 
the electron and a infrared radiation fields. The infrared radiation field also 
affects the dynamics of nuclear motion. 
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1. Introduction 

The dynamic electronic structure of the molecular system has been studied 
previously by Tachibana et al. [1]. The dynamic electronic structure studied does 
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not take into account the background radiation field. The background radiation 
field is important in a vibronic system such as the ionic crystal system [2]. The 
polaron, the exciton, and the phonon are important elementary excitations in 
condensed matter physics [3] and the coupling between the molecular vibration 
and the electronic motion are important in their structure. Also the background 
radiation field, whose effect cannot be neglected, is implicit in them. Consequently 
it is interesting to investigate the vibronic coupling mechanism of a molecular 
system where the radiation field is coupled with the particle motion. A theory 
which is applicable for all wavelengths about the vibronic system exposed to a 
radiation field is awaited but it seems difficult to obtain a lucid theoretical 
framework. Here, the dynamic electronic structure of the molecular system which 
is influenced by the molecular vibration and the effect of the infrared radiation 
field is investigated by generalizing the theoretical framework used previously 
[1]. The couplings among the electronic motion, the molecular vibration, and 
the intense radiation field can be studied by the coupled equations which will 
be derived here. These will be the fundamental equations for the nonlinear optical 
property of the molecular system. 

2. Dressed molecular Hamiltonian 

Recently, the dressed molecular Hamiltonian [4] which includes explicitly the 
radiative correction in the molecular system has been studied by revising the 
Bloch-Nordsieck transformation used in the study of the radiative correction of 
an electron in the early days of quantum electrodynamics [5]. Then it will be 
interesting to apply the method which is used in the previous paper [1] to the 
dressed molecular Hamiltonian. The effect of the radiative correction as well as 
the molecular vibration can be incorporated into the one electron orbital. 

The total Hamiltonian of the molecular system exposed in the radiation field 
within the minimal coupling [4, 6] scheme is given as follows: 

/-/TOT = ~ (�89 + (e/c)A(ri)}2+ 1 ~ (e2/rq) - ~ (Z~e2/ri~) 
i i,j a , i  

+ Z  (�89 - (Z~e/c)a(R~))~+~ Y (Z~Z~e2/R~) 
ol ce,~ 

+�89 f {IA(x)12q - c2[V • A(x)[ 2} dx 3, (l) 

where p~ and r are the momentum and the coordinate of the electron whose mass 
and charge are denoted by m and -e ,  and P~ and R~ are the momentum and 
the coordinate of the ceth nucleus whose mass and charge are denoted by M~ 
and Z~e, respectively. The speed of the light is denoted by c. In terms of the 
dynamical variables of the quantized radiation field Pk, A and Qk, A, the Coulomb- 
gauge vector potential A(r, t) can be expressed as follows: 

A(r, t) = 2c(ir/ V)1/2~ ek, x[sin (k.  r)Ok,~ + w;  1 cos (k.  r)Pk, A], (2) 
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where ek, a, V and tok denote one of the two independent polarization unit vectors 
for the transverse radiation with the wave vector k, quantization volume of the 
free field radiation, and the frequency of the radiation mode k which is given by 

wk = clkl. (3) 

Then the total Hamiltonian HTOT is expressed as follows: 

/-/TOT = gmol + grad + Vim, (4.1) 

gmol=y.(~M~)P~+�89 ~ (Zo, ZI3e2/Ro,~)+~ 1 :2 1 1 2 (sm)pi +~ E (e2/rij) 
a o t ,~  i i , j  

- 2 (z~ea/rf.~), (4.2) 
a , i  

2 2 2 2 Hr~a-5 ~ {Pk.~,+ ~OkQk/,}, (4.3) 
k , h  

Vine= (e/mc) ~ A(r) . p~-(e/c)  ~ (ZJM~)A(R~)  . P~ 
i a 

+(eZ/2c2){ (1/m) ~ IA(r,)[2+ Y~ (Z] /  (4.4) 

If the radiation field considered is limited to the infrared radiation, A(r) can be 
approximated to be [4, 6] 

A(r, t) ~ 2c(r '/2 2 ek,~wk~ Pk,~ �9 (5) 
k,A 

The interaction term between the radiation fields and the particles can be given 
as 

f ) 

k J 

+2e2(~r/V){(1/m)+~ (Z~/M~)} ~ ~ Ek, h" El,.o(OJk(.Ol)-lpk, hPl, n, (6) 
k , h  l ,~  

where the second term of the right-hand side of the equation can be neglected 
[4], if the focus is put on the direct coupling of the particles and the radiation. 
Defining the unitary operator U: 

(7) 

the dynamical variables are transformed as follows [4] 

l~k.~ = UPk,~ U*~ Pk'~ + 2e(Tr/ V)~/2tOk~{~ (1/m)pi--~ (Z~/ M~)P~} " ek,x' 

(8A) 

(~k,a = uok,~ U*= Ok, a, (8.2) 

e, = u p H =  p,, (8.3) 
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6 = UriU*~ r i - 2 ( e / m ) ( T r / V )  '/2 Y, tOk'Q~,hek, a, 
k,* 

P~ = UP.U* = P~, 

R~ = u R ~ u *  ~ u~ + 2 e ( & /  M ~ ) ( = /  V)  '/~ E ,o~ 'O~, ,~ , , ,  
k,* 
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(8.4) 

(8.5) 
(8.6) 

where the linear expansion of the exponential operator is used. Using the trans- 
formed dynamical variables, the Hamiltonian is rewritten 

Hrad + 1 " 2  2 " 2  Vim =~ E {Pk, a + WkQk, a} 

- 2 e 2 ( c r / g )  Y~ to~ 2 ( 1 / m ) I ~ - Y ~ ( Z ~ / M ~ ) P ,  " ek,, , 
k ,X  a 

(9.1) 

Hm - -V  f! lar  ,~p2 + !  o , - ~  ~ . . . .  , ~ 2 Y { Z o & e 2 / ( g ~ e - a ~ ) }  
t~ oG.8 

+E (~m)p; .2+1~E (e2/fis) - E {Z,,e2/(6,, - G ) } ,  (9.2) 
i i , j  o 6 i 

where /~z  - a ~  and G - L  are concretely given as follows [4] 

k , A  

(10.1) 

6 ~ - ~  = ~ - l ~ + 2 e ( T r / V ) ' / 2 { ( 1 / m ) + ( Z ~ / M ~ ) }  Z Wk'(~k,*ek,*l, (10.2) 

i 

k,, I 

The Hamiltonian of the radiation field in terms of the transformed dynamical 
variables is obtained by substituting the transformed dynamical variables into 
the original dynamical variables. The Hamiltonian of the molecular system is 
obtained through the substitution of the transformed dynamical variables into 
the original dynamical variables and the following replacement of the transformed 
nuclear coordinate: 

/~  -> R~ - A/}~ ({(~k,,}), (11.1) 

AR~ ({Qk,,}) = 2e(~'/V)'/2{(1/m) + (Z~/M~)}  E COk'(~k,,ek,:t. (1 1.2) 
k,a 

This replacement has the effect of modifying the Hamiltonian of the molecular 
system through the nuclear-electron and nuclear-nuclear Coulomb potential. 
The dressed molecular Hamiltonian of the total system can be written as follows: 

HToT= Hrad({Pk, x, Ok, x})+ Hmol({Pi,'o,, ri, l~o~--O0"o~ ~ r Xgk, X })  
k , A &  

where the substitution and the replacement are denoted symbolically, and where 
0 and tr~ are given by 

O = 2 e ( ~ / V )  1/2, (13.1) 

~r = {(l /m) + (Z,~/M,~)}. (13.2) 
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The third term on the right-hand side of Eq. (15) is corrected by the mass 
renormalization [5, 6] correction and hence can be neglected. It is interesting to 
point out that the coupling between the radiation field and the molecule is 
incorporated in the parametric dependence of the molecular Hamiltonian on the 
coordinate variable of the photon field. Then the situation resembles the vibronic 
problem of the molecular system. 

3. Hartree-Fock equation of molecule in the intense radiation field 
and strong vibronic coupling 

Now with this dressed Hamiltonian [4], studied by Nguyen-Dang and Bandrauk, 
it is interesting to derive the electronic wavefunction which is suitable to describe 
the coupling between the radiation field and the particle motion of the molecule 
and the nonadiabatic coupling [ 1 ] between the nuclear motions and the electronic 
motions. Let the total wavefunction @ of the system be given by the following 
product: 

�9 -- +e({i,; 1~ - A/I~ ({0k, a})I)~.({R~ - A/~ ({0~;x})}) x ~.({(~ka}), (14) 

where ~e  and ~ .  are the electronic wavefunction and the nuclear wavefunction 
at the displaced nuclear configuration {l~--A/~({0k,  J )} ,  respectively. The 
photon eigenstate is denoted by ~p" The right-hand side of the semicolon in the 
brace denotes the parametric dependences of the wavefunction. If  the single 
Slater determinantal electronic wavefunction constructed from the spin orbitals 

~, = q,,(i; {R~ - AR~({0~,A)})0, (15) 

where qJ~ denotes the space orbital and 0 the spin function, is adopted as 't'e, 
the electron orbitals coupled with the nuclear motions and the radiation field are 
determined variationally, using the following energy functional: 

E = (*IHIXl *) -2 eo(*pl(*. [(~b,l ~Oj)- 6oI*.)l*p)- A ((x~.I*.)- I) 
u 

- 71 ((q'plW .) - 1). (16) 

The electron orbitals {qg} are expanded in the basis set orbitals {Xk}: 

~j(i; {& - aR~ ({0~,~})}): X Crm(~; {R~ - A& ({r (17) 
r 

where the basis set orbitals {X~} should satisfy the following orthonormalization 
condition: 

(xltp}(*,,](XrlXs)]*,,)lq*p) = &.. (18) 

The basis set orbitals {X~} is naturally taken to be a set of adiabatic molecular 
orbitals including the virtual orbitals. The expansion in Eq. (17) enables us to 
reflect the effect which corresponds the "virtual transition" induced by the 
nonadiabatic effects of molecular vibrations and the intense radiation field on 
the molecular orbital manifold. The electronic off-diagonal terms of Eq. (28) in 
[4(a)], which represent the correlation effects induced by the nonadiabatic interac- 
tion and the effect of the radiation field are taken into account in the diagonal 
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correction of  the SCF equation through a mixing of a virtual orbitals as discussed 
below. The contribution of  the nonadiabatic-interaction-induced radiative transi- 
tions between electronic states to the total energy will be concretely represented 
in a formula, if we use the particle-hole representation [l(c)]. If  the variation of 
the {Cry} is performed, the Fock equation which determines the electron orbitals 
coupled with the nuclear motion and the radiation field can be written in atomic 
units as follows: 

f_Cri = Ei_Cri, (19.1) 

f =  ( ~  pl(~t~nl_f "t - ~[~t~n)l~t~ p)  , (19.2) 

A ~--- Avib'~ - ~ r a a ,  (19.3) 

k( Avib--Vrs --  ~ O X r / O O l l O X s / O O l )  "t-1 Z Z e c.; (OxrlOO, Ixs><x, lox.loO,> 
I j tu 

+ (OX,/OO IX.>(XrIOX /O0, -- (OXr/OO, IX. (X, IOX./O0,> 

-(OX,/ O(~,IXs)(XrlOX,/ O(~,) } ] , (19.4) 

I occ 
--rsA"d =-102 Z Y, O'~O't3~~ 2 (ek, x " grad~ X, lSk, x " grad~x~)+ Z 2 c,jc,j* 

k,x a~ j tu 

x {(ek,~" grad~ X~lX~)(xtlek, a. grad~ 1'.) 

+ (ek, a" grad~ XtlX.)(X~lek, a. gradr Xs) 

- (sg, A �9 grad~ X~lX.)(x, lek,;~" grade X.) 

-(ek, a "grad,~ XtlXs)(Xrlgk, a" gradr X,)}], (19.5) 

where the nuclear coordinates and the photon coordinate dependencies of the 
electronic wavefunctions are implicit in the right-hand side of the Eqs. (19.4) 
and (19.5), and where grad~ denotes 0/0/~,. The mass-weighted coordinate of  
the / th  ro-vibrational motion of  nuclei is denoted by (~. The usual Fock matrix 
at the nuclear configuration/?~ - A/~({(~k,x}) is denoted by F in Eq. (19.2). The 
summation over l in Eq. (19.2) means that the summation is performed all over 
the modes of  the ro-vibrational nuclear motions. The nuclear wavefunction 
x t r ,{ /~ -  A/~ ({0k, x})} is determined by the following equation: 

(0/OQ,)+5 Z 
a~ 

+ ~ Dt ({l~ - A/?~ ({ (~k,A })}) + E Dk, x ({R~ - A/?~ ({ 0k, x })}) -- E ] q t  I~p) = 0, 
l k,A 3 

(20) 

where E ~ is the electronic energy and where Dt and Dk, x are the nonadiabatic 
corrections between electronic motions and the lth ro-vibrational nuclear motions 
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and between the electronic motions and the radiation field to the total adiabatic 
respectively: 

o r  

D, = 2 {(o4 jloO, lo4 jlo< ,)-<o jIoO, Ioi)<4,,Io4,j/oO,)}, (21.1) 
/3 

o c c  

Dk,, = • 2 ~2 0~r~crt~Wk2{(ek, x " grad~ qglek,, �9 grade q,j) 
0 k,• a/3 

-(ek, a" grad, ~j[Oi)(~i[ek;x �9 grad# t)j)}. (21.2) 

Equations (19) and (20) determine the electronic motion and the nuclear motion 
of the molecule exposed in the infrared radiation field where the nonadiabatic 
coupling between the electronic motion and the nuclear motion cannot be neglec- 
ted and they will be the fundamental equations for the quantum mechanical 
nonlinear optical property of the vibronic system. Any order quantum mechanical 
nonlinear optical property of a molecule can be evaluated by the electronic 
wavefunction obtained. A calculation of the nonlinear optical property is now 
replaced by an evaluation of a derivative of the electronic wavefunction with 
respect to the parameter Qk,~. This is analogous to the evaluation of the derivative 
with respect to the nuclear coordinate. 

4. Conclusion 

Hartree-Fock approximation is generalized to incorporate the effect of the 
vibronic coupling and the nonlinear effect of the intense infrared radiation field 
into one electron orbitals. On this foundation, the vibronic coupling and the 
nonlinear optical property of a molecule can be studied at the same time. The 
competition or the cooperation between the two effects is interesting. The non- 
adiabatic nuclear motion will induce the internal electromagnetic field or radiation 
field in the material. The nonlinear optical properties of the vibronic systems will 
hence be an interesting problem to be studied theoretically. The theory which is 
applicable for all wavelengths is awaited. The phase factor change accompanying 
the change of the nuclear coordinate parameter which has received attention in 
the gauge field theory is an interesting problem with this respect. The present 
theory would also be interesting in the. microscopic theory of superconductivity 
where the non-BCS pairing mechanism has been discussed at great length. 
Especially, a reconsideration of the proposed mechanism of photoinduced super- 
conductivity of Kumar and Sinha [7] will be interesting in the next step, where 
the incorporation of the translational symmetry is necessary. The Bogoljubov 
transformation may be of help to discuss the microscopic theory on the basis of 
the Hartree-Fock approximation. Therefore it would be interesting first to study 
the formal structure of the Hartree-Fock equation for molecules which reflects 
the vibronic coupling and the nonlinear effect of the electromagnetic field. 
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